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The Distance Computation Problem

Definition 1 (Distance Computation Problem)
Given two polyhedra P1, P2. The distance computation problem is to deter-
mine the global minimum of the distance function δ between the respective
point sets, together with a pair of witness points i.e.

(i) the value δ∗ := δ(P1,P2),

(ii) a pair of points (p,q), s.t. δ∗ = δ(p,q),

where δ denotes the (quadratic) EUCLIDEAN distance function between two
points or set of points, respectively.
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Reduction to Basic Proximity Tests

Observation 1
Given two polyhedra P1 and P2 in boundary representation. Let Fi, Ei and
Vi, i = 1, 2, denote the respective sets of faces, edges and vertices.
For the distance between P1 and P2 we have:

δ(P1,P2) =
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Given two polyhedra P1 and P2 in boundary representation. Let Fi, Ei and
Vi, i = 1, 2, denote the respective sets of faces, edges and vertices.
For the distance between P1 and P2 we have:

δ(P1,P2) = δ(∂P1, ∂P2)
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Reduction to Basic Proximity Tests

Observation 1
Given two polyhedra P1 and P2 in boundary representation. Let Fi, Ei and
Vi, i = 1, 2, denote the respective sets of faces, edges and vertices.
For the distance between P1 and P2 we have:

δ(P1,P2) = δ(∂P1, ∂P2)
= min

{
δ(f1, f2)

∣∣ f1 ∈ F1, f2 ∈ F1}
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Reduction to Basic Proximity Tests

Observation 1
Given two polyhedra P1 and P2 in boundary representation. Let Fi, Ei and
Vi, i = 1, 2, denote the respective sets of faces, edges and vertices.
For the distance between P1 and P2 we have:

δ(P1,P2) = δ(∂P1, ∂P2)
= min

{
δ(f1, f2)

∣∣ f1 ∈ F1, f2 ∈ F1}
=

{
min
{
δ(F1,V2) , δ(V1,F2), δ(E1, E2)

}
if P1 ∩ P2 = ∅ ;

0 else .

Max-Planck-Institut für Informatik Christian Lennerz



Reduction to Basic Proximity Tests

Observation 1
Given two polyhedra P1 and P2 in boundary representation. Let Fi, Ei and
Vi, i = 1, 2, denote the respective sets of faces, edges and vertices.
For the distance between P1 and P2 we have:

δ(P1,P2) = δ(∂P1, ∂P2)
= min

{
δ(f1, f2)

∣∣ f1 ∈ F1, f2 ∈ F1}
=

{
min
{
δ(F1,V2) , δ(V1,F2), δ(E1, E2)

}
if P1 ∩ P2 = ∅ ;

0 else .
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A Simple Algorithm
DISTANCE(P1,P2)
(1) d∗ ←∞
(2) foreach f1 ∈ F1
(3) foreach f2 ∈ F2
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A Simple Algorithm
DISTANCE(P1,P2)
(1) d∗ ←∞
(2) foreach f1 ∈ F1
(3) foreach f2 ∈ F2
(4)

[
isDisjoint, (p1, p2)

]← INTERSECT(f1, f2)

(5) if isDisjoint = false then return
[
0, (p1, p2)

]
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A Simple Algorithm
DISTANCE(P1,P2)
(1) d∗ ←∞
(2) foreach f1 ∈ F1
(3) foreach f2 ∈ F2
(4)

[
isDisjoint, (p1, p2)

]← INTERSECT(f1, f2)

(5) if isDisjoint = false then return
[
0, (p1, p2)

]
(6) foreach v1 of f1
(7)

[
d, (p1, p2)

]← VERTEXFACEDISTANCE(v1, f2)

(8) if d < d∗ then d∗ ← d, p∗i ← pi i = 1, 2
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A Simple Algorithm
DISTANCE(P1,P2)
(1) d∗ ←∞
(2) foreach f1 ∈ F1
(3) foreach f2 ∈ F2
(4)

[
isDisjoint, (p1, p2)

]← INTERSECT(f1, f2)

(5) if isDisjoint = false then return
[
0, (p1, p2)

]
(6) foreach v1 of f1
(7)

[
d, (p1, p2)

]← VERTEXFACEDISTANCE(v1, f2)

(8) if d < d∗ then d∗ ← d, p∗i ← pi i = 1, 2
(9) foreach v2 of f2
(10)

[
d, (p1, p2)

]← VERTEXFACEDISTANCE(v2, f1)

(11) if d < d∗ then d∗ ← d, p∗i ← pi i = 1, 2
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A Simple Algorithm
DISTANCE(P1,P2)
(1) d∗ ←∞
(2) foreach f1 ∈ F1
(3) foreach f2 ∈ F2
(4)

[
isDisjoint, (p1, p2)

]← INTERSECT(f1, f2)

(5) if isDisjoint = false then return
[
0, (p1, p2)

]
(6) foreach v1 of f1
(7)

[
d, (p1, p2)

]← VERTEXFACEDISTANCE(v1, f2)

(8) if d < d∗ then d∗ ← d, p∗i ← pi i = 1, 2
(9) foreach v2 of f2
(10)

[
d, (p1, p2)

]← VERTEXFACEDISTANCE(v2, f1)

(11) if d < d∗ then d∗ ← d, p∗i ← pi i = 1, 2
(12) foreach e1 of f1
(13) foreach e2 of f2
(14)

[
d, (p1, p2)

]← EDGEEDGEDISTANCE(e1, e2)

(15) if d < d∗ then d∗ ← d, p∗i ← pi i = 1, 2
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A Simple Algorithm
DISTANCE(P1,P2)
(1) d∗ ←∞
(2) foreach f1 ∈ F1
(3) foreach f2 ∈ F2
(4)

[
isDisjoint, (p1, p2)

]← INTERSECT(f1, f2)

(5) if isDisjoint = false then return
[
0, (p1, p2)

]
(6) foreach v1 of f1
(7)

[
d, (p1, p2)

]← VERTEXFACEDISTANCE(v1, f2)

(8) if d < d∗ then d∗ ← d, p∗i ← pi i = 1, 2
(9) foreach v2 of f2
(10)

[
d, (p1, p2)

]← VERTEXFACEDISTANCE(v2, f1)

(11) if d < d∗ then d∗ ← d, p∗i ← pi i = 1, 2
(12) foreach e1 of f1
(13) foreach e2 of f2
(14)

[
d, (p1, p2)

]← EDGEEDGEDISTANCE(e1, e2)

(15) if d < d∗ then d∗ ← d, p∗i ← pi i = 1, 2
(16) return

[
d∗, (p∗1, p

∗
2)
]
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Edge-Edge-Distance (I)

Let g1 and g2 denote the straight lines, on which the edges are embedded:

gi =
{
ai + λivi | λi ∈ R

}
i = 1, 2 .
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Edge-Edge-Distance (I)

Let g1 and g2 denote the straight lines, on which the edges are embedded:

gi =
{
ai + λivi | λi ∈ R

}
i = 1, 2 .

The quadratic distance between g1 and g2 is given by

δ(g1, g2) = (λ1v1 − λ2v2 − v12)
2
,

with v12 := a2 − a1.
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Edge-Edge-Distance (I)

Let g1 and g2 denote the straight lines, on which the edges are embedded:

gi =
{
ai + λivi | λi ∈ R

}
i = 1, 2 .

The quadratic distance between g1 and g2 is given by

δ(g1, g2) = (λ1v1 − λ2v2 − v12)
2
,

with v12 := a2 − a1.

To minimize the distance function, we consider its partial derivatives with
respect to λ1 and λ2:

∂δ(λ1, λ2)

∂λ1
= 2 (λ1v1 − λ2v2 − v12)

T
v1 = 0 ⇔ λ1v

2
1 − λ2v

T
1v2 = vT1v12 ,

∂δ(λ1, λ2)

∂λ2
= −2 (λ1v1 − λ2v2 − v12)

T
v2 = 0 ⇔ λ1v

T
1v2 − λ2v

2
2 = vT2v12 .
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Edge-Edge-Distance (II)

So far, the parameter λ∗i that minimizes the distance depends on the other
parameter:
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Edge-Edge-Distance (II)

So far, the parameter λ∗i that minimizes the distance depends on the other
parameter:

λ∗1(λ2) =
λ2v

T
1v2 + vT1v12

v21
=
λ2V12 +W1

V1
, (1)

λ∗2(λ1) =
λ1v

T
1v2 − vT2v12

v22
=
λ1V12 −W2

V2
, (2)

with V12 := vT1v2, Vi := v
2
i , Wi := v

T
i v12, i = 1, 2 .
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Edge-Edge-Distance (II)

So far, the parameter λ∗i that minimizes the distance depends on the other
parameter:

λ∗1(λ2) =
λ2v

T
1v2 + vT1v12

v21
=
λ2V12 +W1

V1
, (1)

λ∗2(λ1) =
λ1v

T
1v2 − vT2v12

v22
=
λ1V12 −W2

V2
, (2)

with V12 := vT1v2, Vi := v
2
i , Wi := v

T
i v12, i = 1, 2 .

Eliminating one variable yields λ∗i , i = 1, 2, explicitly:

λ∗1 =
W1V2 −W2V12

V1V2 − V212
λ∗2 =

W1V12 −W2V1

V1V2 − V212
, (3)

if V1V2 − V212 = v21v
2
2 − (vT1v2)

2 = (v1 × v2)2 6= 0.
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Edge-Edge-Distance (III)

Problems:

• λ∗1 or λ∗2 are outside the parameter interval [0, 1]:

– Explanation: The edges represent line segments, not straight lines.
– In this case we know that at least one of the closest points is an end

point of an edge.
– Solution: Consider the endpoints and use equation 1 and 2 to com-

pute the closest points on the other line.
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Edge-Edge-Distance (III)

Problems:

• λ∗1 or λ∗2 are outside the parameter interval [0, 1]:

– Explanation: The edges represent line segments, not straight lines.
– In this case we know that at least one of the closest points is an end

point of an edge.
– Solution: Consider the endpoints and use equation 1 and 2 to com-

pute the closest points on the other line.

• The denominator in equation 3 vanishes:

– Explanation: The edges are parallel.
– Also in this case we have that at least one of the closest points is an

end point of an edge.
– Solution: same as above.
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Vertex-Face-Distance

Let Σ(f) denote the plane on which the face f is embedded, i.e.

Σ(f) =
{
x ∈ R3

∣∣nTx = n0, ‖n‖ = 1
}
.

Thereby the value n0 corresponds to the distance from the plane to the origin.
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Vertex-Face-Distance

Let Σ(f) denote the plane on which the face f is embedded, i.e.

Σ(f) =
{
x ∈ R3

∣∣nTx = n0, ‖n‖ = 1
}
.

Thereby the value n0 corresponds to the distance from the plane to the origin.

The distance between the query point p an the plane Σ(f) is given by

δ
(
p, Σ(f)

)
= |nTp− n0 |

2 .
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Vertex-Face-Distance

Let Σ(f) denote the plane on which the face f is embedded, i.e.

Σ(f) =
{
x ∈ R3

∣∣nTx = n0, ‖n‖ = 1
}
.

Thereby the value n0 corresponds to the distance from the plane to the origin.

The distance between the query point p an the plane Σ(f) is given by

δ
(
p, Σ(f)

)
= |nTp− n0 |

2 .

The closest point to p on Σ(f) is equal to the projection of p onto the plane:

p := p− (nTp− n0)n .
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Vertex-Face-Distance

Let Σ(f) denote the plane on which the face f is embedded, i.e.

Σ(f) =
{
x ∈ R3

∣∣nTx = n0, ‖n‖ = 1
}
.

Thereby the value n0 corresponds to the distance from the plane to the origin.

The distance between the query point p an the plane Σ(f) is given by

δ
(
p, Σ(f)

)
= |nTp− n0 |

2 .

The closest point to p on Σ(f) is equal to the projection of p onto the plane:

p := p− (nTp− n0)n .

• p is also the closest point of f to p, iff it is lying inside the polygon.

• Otherwise, a closest point of f to p is located on one of the boundary
edges of the polygon.
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Bounding Volumes

Definition 2 (Bounding Volume)
A bounding volume is a geometric primitive enclosing an arbitrary point set,
i.e. an outer approximation.
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Definition 2 (Bounding Volume)
A bounding volume is a geometric primitive enclosing an arbitrary point set,
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Bounding Volumes

Definition 2 (Bounding Volume)
A bounding volume is a geometric primitive enclosing an arbitrary point set,
i.e. an outer approximation.

Types of Bounding Volumes:

• Spheres [Hubbard95],[Palmer,Grimsdale95]

• Oriented Bounded Boxes (OBB) [Gottschalk,Lin,Manocha96]

• Fixed-Directions Hulls (FDHk or k-DOPS) [Held,Klosowski,Mitchell96]
Special case: Axis-Aligned Bounding Boxes (AABB) [Zachmann,Felger95]

• Swept Sphere Volumes [Larsen,Gottschalk,Lin,Manocha99]
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Bounding Volume Hierarchy

Definition 3 (Bounding Volume Hierarchy)
A bounding volume hierarchy is a tree structure successively refining the
boundary of a polyhedron (or even a polygon soup) and covering each re-
finement by a set of bounding volumes.
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Distance Computation Using BV-Hierarchies
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